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Announcements

sMidterm 1 is done. Yay!
- We will be done grading soon.



Today

Finished up greedy!

Start a new topic:
—> Dynamic Programming!



How (not) to compute Fibonacci Numbers

In 61A, you learned to compute Fibonacci number using this code.

def fibo(n):
if n <= 1:
return n
return fibo(n-1) + fibo(n-2)

How fast/slow is this?

- In discussion 6, you'll show that this algorithm runs in time
Tn)=T(n—1)+T(n—2),

which you will show means that T(n) > /2,

This is way too big!



What went wrong?

The recursion tree repeats a lot of the subproblems.

—> For every node, it recomputes the problem from scratch.
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. .
How to fix this: NENMO

Remember the computations we did elsewhere.

This is called memo-ization!

—> keep an array of Fibonacci values memo. Whenever a
value is computed, store it in there.

memo = [0, 1, None, None, .., None ]

def Fib-memo-TopDown (n) :

if memo[n] != None return memo[n]
else
memo [n] = Fib-memo-TopDown (n-1)

+ Fib-memo-TopDown (n-2)

return memo [n]

The number of recursive calls to Fib-memo-TopDown is O(n).
—>we only recurse when the corresponding memo is not yet stored.




Elements of dynamic programming?

1. Subproblems (aka “optimal substructure”):

—> The fact that large problems break up into sub-problems.

—> So, optimal solution of some big problem (or its computation) can be expressed in
terms of the optimal solutions to smaller sub-problems.

E.g., In Fibonacci
Fib(i+ 1) = Fib(i) + Fib(i—1)



Elements of dynamic programming?

2. Overlapping subproblems:
—> Alot of the subproblems overlap. This means that we can save resources by solving a
subproblem once and storing its value, and then use that subproblem many times over.

E.g., In Fibonacci Fib(i + 1) and Fib(i + 2) both directly use Fib(i). Also Fib(i +
3),Fib(i + 4), .... All use Fib (i) indirectly. So, we Fib(i) .

In Dynamic Programming:
We keep a memo (table of solutions) to the smaller
problems and use these solutions to solve bigger problems.




Two ways to do DP:

1. Top-Down: We saw thisin Fib-memo-TopDown.
—> Start from the biggest problem and recurse to smaller problems.

—> Looks just like recursion/divide and conquer, with one exception:

Memo-ization: keeping track of what smaller problems we have
solved already

memo = [0, 1, None, None, .., None ]

def Fib-memo-TopDown (n) :

i1f memo[n] != None return memo[n]
else
memo [n] = Fib-memo-TopDown (n-1)

+ Fib-memo-TopDown (n-2)
return memo [n]




Two ways to do DP:

2. Bottom-Up:
—> Start from the smallest problems first and then bigger problems,
—> Still memo-ize: Fill in a table of values from small to largest problems.

—>Doesn’t usually have a recursive call.

def Fib-memo-BottomUp (n) :

memo= [0, 1, None, None, .., None ]
for 1 = 2, .., n:
memo[1] = memo[i-1] + memo[1i-2]

return memo[n]




Order of Computation and DAGs

There is an implicit DAG in dynamic programming!

Let’s view each subproblem as a node in a graph.

= There is an implicit directed edge (i, j) if the solution to subproblem j
directly depends on/uses the solution to subproblem i.

Implicitly, consider a topological sort on this DAG.
- BottomUp: Solve problems in the order of the topological sort!

In Top-Down: We start recursing at the top, but the memo-ization
table is still filled according to the topological sort!




Recap What's Dynamic Programming?

[t's a paradigm in algorithm design.

» Uses subproblems/optimal substructure

* Uses overlapping subproblems

* Can be implemented bottom-up or top-down.

Where does the name come from?

Richard Bellman made up the name in 1950s when he was working at RAND
corporation --- a think tank funded mostly by the US government and Air Force at the
time. Here is what Bellman said of the name:

“It’s impossible to use the word, dynamic, in the pejorative
sense...I thought dynamic programming was a good name. It
was something not even a Congressman could object to.”



Revisiting Shortest Path problems

This time with negative weights!



Negative Weights on Shortest Paths

We saw Dijkstra for computing Single Source Shortest Paths on directed graphs with
positive edge lengths.

Sometimes there are negative weights on graphs:

* Instead of total cost, recording cost saved/spent

Shortest path is well-defined if no cycle has negative length.



Shortest Paths on DAGs

Input: ADAG G = (V,E), “source” S € V, edge costs £(u, v), positive or negative.
Output: For all u € V, dist(u) = cost of shortest path from s to u.

We want to aim for a O(n + m) algorithm.
—> Even with just positive weight, Dijkstra works but it’s 0((n + m) log(n)).

Recall, we can always do topological sort on a DAGin O(n + m).




Shortest Paths on DAGs: Subproblems

Input: ADAG G = (V,E), “source” S € V, edge costs £(u, v), positive or negative.
Output: For all u € V, dist(u) = cost of shortest path from s to u.

What are the subproblems?
- One subproblem per node, dist(u) forallu € V.

-> A natural order to them: smaller subproblem for nodes that appear earlier in the
topological sort.



Shortest Paths on DAGs: Recurrence

Input: ADAG G = (V,E), “source” S € V, edge costs £(u, v), positive or negative.
Output: For all u € V, dist(u) = cost of shortest path from s to u.

Solved
subproblems

Unsolved
subproblems

- Discuss

Write the recurrence relation for dist|u]:




Shortest Paths on DAGs: Algorithm

Input: ADAG G = (V,E), “source” S € V, edge costs £(u, v), positive or negative.
Output: For all u € V, dist(u) = cost of shortest path from s to u.

Runtime:
* Topological Sort: O(m + n). SSSP-DAG(G = (V, E), s)
* Number of subproblems: 0 (n). array dist of length n

* Foreachvertexu € V, the update step dist = 0 and dist[u] = oo for all otheru € V.
considers all of its incoming edges.

- 0(indeg(u)) for node u
- So, overall O(m) for updates

For u € V in topological sort order
dist[u]«< min {dist[v] + ¢(v,u)}
(v,u)€eE

return dist
Total time: O (m + n).




Dynamic Programming Recipe

* Step 1: Identify the subproblems (optimal substructure)
e Step 2: Find a recursive formulation for the subproblems

* Step 3: Design the dynamic programming algorithm
- Fill in a table, starting with the smallest sub-problems and building up.



Little Break + Attendance

Activate Location Services

Log into iClicker:
https://join.iclicker.com/ASAN

Check-in window will close in 3
minutes (end of break)

Lecture 11

Scan for iClicker



More Shortest Paths:
Reliable Shortest Paths and Bellman-Ford



“ Rehable" ShOl‘teSt Path Cost can be negative, but no negative cycles

Input: Graph ¢ = (V,E), “source” S € V, edge costs £(u, v) for{u,v) € E, parameter k
Output: For allu € V, dist; (u) = cost of shortest path from s to u, that uses < k edges.

Shortest S-A
path for k = 1.

Shortest S-A path




Dynamic Programming Recipe

* Step 1: Identify the subproblems (optimal substructure)
e Step 2: Find a recursive formulation for the subproblems

* Step 3: Design the dynamic programming algorithm
- Fill in a table, starting with the smallest sub-problems and building up.



Sub-Problems

Input: Graph ¢ = (V,E), “source” S € V, edge costs £(u, v) for (u,v) € E, parameter k
Output: For allu € V, dist; (u) = cost of shortest path from s to u, that uses < k edges.

What are the subproblems?
o dist;(u) forallu € V.
* Every subproblem tracks the cost of the shortest s-u path using < i edges.



The Recurrence Relation

Input: Graph ¢ = (V,E), “source” S € V, edge costs £(u, v) for (u,v) € E, parameter k
Output: For allu € V, dist; (u) = cost of shortest path from s to u, that uses < k edges.

Discuss
@y, we have compute dist,(u), dist,(u), ..., dist;(u) forallu € V. \

Case 1: The shortest path

dist;
ist;(u) uses < i + 1 edges

Case 2: The shortest path
uses = [ + 1 edges dist;(b)

What is the recurrence relation for

K dist;,,(u) = /




Design the Algorithm

Input: Graph ¢ = (V,E), “source” S € V, edge costs £(u, v) for (u,v) € E, parameter k
Output: For allu € V, dist; (u) = cost of shortest path from s to u, that uses < k edges.

Given recurrence relation, how to memo-ize?

dist;,,(u) = min{dist;(u), min {dist;(v) + £(v,u)}}
(v,u)€EE

a b ceo Uu
diStO 0 0.0) (0'0)
diSti — T |
) —— —_— DP DAG:
dist;, — Arrows where
(v,u) € E
diStk




Runtime of this algorithm

Input: Graph ¢ = (V,E), “source” S € V, edge costs £(u, v) for (u,v) € E, parameter k
Output: For allu € V, dist; (u) = cost of shortest path from s to u, that uses < k edges.

Computation for each table row:
- Goes through every edge

—>Total computation: O(km). Reliable-SSSP(G = (V, E), s, k)

arrays dist,, dist4,..., dist; oflengthn

Number of subproblems to track in disty[s] = 0 and disty|u] = oo for all otheru € V.
the table? Fori =1, ..., k:

-2 0(kn), but could reduce to 0(n) Foru € I/:

dist;[u] « min{dist;_[u],
min {dist;_{[v] + f£(v,u)} }

(v,u)€EE

Overall runtime: O(kn + km).




Bellman-Ford Algorithm



Shortest Path with Negative Weights

e Input: AG = (V,E), “source” S € V, edge costs #(u, v) € R. No negative cycles.
* Output: For all u € V, dist(u) = cost of shortest path from s to u.

This is the same problem statement as “reliable” Shortest Path when the number of

edges (k) on the path can be as large as you want!
—> If there are no negative cycles, the shortest path from S to any node should use at

mostn — 1 edges.
Just run reliable shortest path with k =n —1

This is called the Bellman-Ford algorithm.
Runtime of O(nm).



Bellman-Ford Algorithm

Summary of shortest path algs.

 Breadth First Search

—> Not for weighted graphs.
2> 0(n+m)

* Dijkstra
- Positive edge weights.
2> 0(m + nlog(n))

e Bellman-Ford

—> Positive or negative edge weights,

as long as no negative cycles.
> 0(nm)

Bellman-Ford1(G = (V,E),s)
dist|s] = 0 and dist|[u] = oo for all otheru € V.
Fori=1,..,n—1:
Foru e V:
dist|u] <« min{dist|u],
min {dist[v]+ f(v,u)} }
(v,u)€eE

Bellman-Ford2(G = (V,E), s)

dist|s] = 0 and dist|u] = oo for all otheru € V.
Same as Dijkstra’s

Fori=1,..,n—1: “Update” Function

-
For (v,u) € E:

dist|u] < min{dist|u], dist[v] + £(v,u) }

~N




All-Pair Shortest Path Problem



All-Pair Shortest Path (APSP)

We want to know the shortest distance between any pair of nodes in a graph.
—> Not just from a special single source.
—> Another example of DP!

Input: Graph G = (V, E), edge costs £(u, v) for (u,v) € E (not necessarily positive)
Output: For allu, v € V, dist(u,v) = cost of shortest path from u to v

Naive algorithm:

—> Run Bellman-Ford starting from every s € VV as a source.
- Bellman-Ford runs in time 0 (mn)

- Total runtime for APSP would be 0(n*m). Could be as large as 0(n*) for dense
graphs. We are aiming for 0(n?).



Dynamic Programming Recipe

* Step 1: Identify the subproblems (optimal substructure)
e Step 2: Find a recursive formulation for the subproblems

* Step 3: Design the dynamic programming algorithm
- Fill in a table, starting with the smallest sub-problems and building up.



[dentify the subproblems (optimal substructure)

Sub-problem(K): For all pairs u, v € V, find the shortest u-v path whose internal
vertices only use nodes {1, ..., k}.

-> Sub-problem (n) is the APSP we want to solve.
—> This may look unintuitive, but let’s see why it’s helpful!

Let dist; [u, v] be the
solution to sub-problem(k)

This is an overview picture, not all edges are shown.



Dynamic Programming Recipe

* Step 1: Identify the subproblems (optimal substructure)
* Step 2: Find a recursive formulation for the subproblems

* Step 3: Design the dynamic programming algorithm
- Fill in a table, starting with the smallest sub-problems and building up.



Recursive Formulation

How do I solve sub-problem(k+1) knowing all the solutions dist; (u, v) to Sub-
problem(k)?

nodes {1, ...,k + 1}

-~y ”
S, T =TT _Shortest u-v path
___________ - through nodes {1; ey k}



Recursive Formulation

How do I solve sub-problem(k+1) knowing all the solutions dist; (u, v) to Sub-
problem(k)?

nodes {1, ...,k + 1}

———
- "~ -
-~

Case 1: Shortest u-v path with internal Pt ~~o

nodes {1, ...,k + 1} doesn’tuse node k + 1: .-~ \\\

—> Shortest u-v path with internal nodes /// nodes {1, ..., k} @\\
{1, ..., k} is still the shortest path! / -== =< \

disty,,(u,v) = dist, (u, v)!

S~ 7
~.. T =—— 7 Shortest u-v path with

~ -

___________ internal nodes {1, ..., k}



Recursive Formulation
How do I solve sub-problem(k+1) knowing all the solutions dist; (u, v) to Sub-
problem(k)?

nodes {1, ...,k + 1}

Case 2: Shortest u-v path with internal . -~
nodes {1, ...,k + 1} uses node k + 1: o .

This path can be broken to two parts!
* Shortestu-(k + 1) path

* Both using internal nodes 1 %
\ k 7
{1,...,k} only. @\§\ @ /I \/,

. T \1 """"" Shortest u-v path with
dlStk+1(u’ U) I dl’Stk (u’ k + 1) + T~ - *i'ﬁternal nodes {1’ o k + 1}



Putting the two cases together

Case 1: Shortest u-v path with internal Case 2: Shortest u-v path with interna
nodes {1, ...,k + 1} doesn’t use node k + 1: nodes {1, ...,k + 1} uses node k + 1:

A

The recursive solution for All-Pair Shortest Path
disty.1(u,v) = min{dist, (u,v),dist, (u, k + 1) + disti(k + 1,v)}




Dynamic Programming Recipe

* Step 1: Identify the subproblems (optimal substructure)
e Step 2: Find a recursive formulation for the subproblems

* Step 3: Design the dynamic programming algorithm
- Fill in a table, starting with the smallest sub-problems and building up.



The Floyd-Washall Algorithm for APSP

Input: Graph ¢ = (V, E), edge costs #(u, v) for (u, v) € E (not necessarily positive)
Output: For all u,v € V, dist(u, v) = cost of shortest path from u to v

Each update is just O(1).

The loop over k and u, v
repeats 0 (n?) times.

Overall, O(n?) runtime.

Floyd-Warshall (G = (V,E))

nXn matrices dist, distq,..., dist,, initialized to oo
For (u,v) € E, disty|u,v] « £(u,v)

// dist, paths have no internal nodes.
Fork =1, ..., n:

Foru,v e V:
dist,|u, v] « min{dist,_4[u, V],
dist,_q|u, k] + dist,_1|k, v]}



Wrap up

We saw a recipe for dynamic programming:
Step 1: Identify the subproblems
Step 2: Figure out the recursive structure

Step 3: Design the DP algorithm by solving smallest to largest problem and
memo-izing!

We saw some examples:

* Fibonacci

* Shortest Path on DAGs
* Bellman-Ford again

* Floyd-Warshall. Next time

* More examples of DP
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  k + 1 :
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  ( k + 1 )


  ( k + 1 )
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   {  1 , … , k }


  𝒖


  𝒗


  { 𝟏 , … , 𝒌 + 𝟏 }


  d i s  t  k + 1  (  u , v ) = d i s  t k  (  u , k + 1 ) +   dist k ( k + 1 , v )
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  d i s  t k ( u , v )


  d i s  t  k + 1  (  u , v ) =   min ⁡   {  d i s  t k  (  u , v )   ,   d i s  t k  (  u , k + 1 )   +   dist k ( k + 1 , v ) }
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  G = ( V , E )


  ℓ  (  u , v )


  ( u , v ) ∈ E


  u , v ∈ V
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  G = ( V , E )


  n × n
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    d i s t n
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  ( u , v ) ∈ E


    d i s t 0  [  u , v ] ← ℓ  (  u , v )


    d i s t 0


  k = 1 , … ,   n


  u , v ∈ V


    d i s t k


  u , v


  ←  


    d i s t  k − 1


  u , v


    d i s t  k − 1 [ u , k ] +   d i s t  k − 1 [ k , v ]
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