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explore (6 , r) dfs(G)
visited [u] = true boolean array visited [n]

(init to all O's)
predu] = clock clock = 1
clock = clock+

int array pre[n], post [n]for v s .t
. (u ,x)E

if visited [v] = false for veV
explore (6 ,

1) if visited [v] = false
post[v] = clock explore (G, v)
clock =clock+



Classifying edges using pre and post #s
Say (v,

v) F
pre pre Bost Do theClock Ex U

]v]u: tree
, forwardM 5 Jr[]y : impossible

Fin: cross ·2x=]n]x : back
[r [ JuS : impossible

Fact : (u ,v) is back edge
# post (v) < post(x)



Application #1 : Cycle detection

Book index :

for loop : 30 , 74-76

a rgs : see arguments arguments : 80, 91

infinite loop : see loop, infinite

2 &
loop ,

infinite : see infinite loop

Q : Does
my graph have a cycle ?



Def : A directed acyclic graph (DAG)
is a directed graphws no cycles.

Claim : Suppose we run DFS on C
&

Then G is a DAG iff no back edges.
Pf : (1) If back edge => G is not a DAG.

ea cycle
(2) G is not a DAG => back edge
-

-> X ,
-> X 2 ->Xy- ...

-> Vk

I back edge !

Cycle detection alg:RunPFDAG" if no back edges
# (v ,

v)EE, check Post (v) > post(v))



Application #2 :

TopologicalSortIM IM2

Hulk -

Thor
- Avengers Thor2 Avengers 2-

CA CA2 dependency graph
Output--
⑭k ⑪ ⑪



(Note : edges are
reversed)



Topological sort
Input : DAG G = (V

, E)
Output : Ordering of vertices VI , . ., Un

S .t .
all edges go left- right

Claim : Suppose we run DFS on G.
Then for all (v , x)EE, post (v) < post (v) .

Pf : G is a DAGNobackedy for all edges .
D

Alg : Run DFS on G &

Sort vertices from highest post number to lowest.
post post post

Output- 12 2) 9

u Now ---



Connected components

Undirected &
Directed oto (connected?)

W V

Questions :
1. How do we define connected

components in digraphs?
2. How do we compute them?



Strongly connected components (SCCs)
Def : Vertices v and X are strongly connectedif there is a path from utov and from y to r

Claim : wwy is an equivalence relation (i) reflexive(ii) symmetric
(iii) transitive

The Meta-graph·XXX
① sink

·
T

The meta-graph-" is a DAG



Today : Algorithm to compute SCCs

Kosaraju Sharir

1978 1981



Computing SCCs
explore
⑰

lore delete

Dd&explore delete

Suppose we had a magic algorithm which could tell us
a Vertex ~masink SCC

If we explore starting at u
,

we explore all vertices in its SCC

Magic algorithm : DFS ! (with a small twist...)



Suppose we run DFS .

-

for all SCCs O , define finish(C) = C's highest post (v)
Claim : Let * be SCCs .

Then finish (C) (finish (C') .

Pf : (i) Suppose DFS visits (first .GThen post(v) <finish (C) .

(ii) Suppose DFS visits first .

Then only visits Cater done w/c!
explores these

: all posts in (

⑤"Can't happe> finish (D) Graph isDA6 .

Claim : The highest post (v) is in source SCC.
Assume not-highest

exen bigger post



The reverse graph Meta-graph
source6+ ⑰

⑪I k ⑪
sin sink

62- ⑪X T⑪ ⑪ source

Claim : G and GM have same SCCs.
In meta graphs : · edges are reversed

· sources and sinks are swapped
Run DFS on GR

. Compute posti values -

~ W/ highest post : o (in GM) in source
· (in G) in Sink

If@ (iv GM) then highest postin in(
& (in GP) > in



SCC algorithm
5 4

#
highest post GHI explore⑪ 6in C' JKL 1

explore (o, r) Find SCC(G)
Visited [v] = true for all v

,
visited [v] = false

sccrum[u] = count Run DFS on GR
to compute postR

for v st . (v ,
v)EE Count = 1

if visited [x] = false for we V (in reverse pasta
if visited [v] =false order)

explora (6,
v) explore (6, v)

count-count + 1 .


