
Approximation Algorithms



Suppose you show your problem P is NP-hard .

What now?

1

. Learn more about inputs
2. Heuristic
3. Approximation algorithm - today
Def : For a minimization problem

P,
an algorithm A is an a-approximation algorithm
if for all instances I of P,

A (l) =C · OPT (231)
(maximization:) A (1) 2 . OPT (OI : 1)



Vertex Cover

Input : Graph G=(VE)
Solution : A vertex cover (EV of minimal size

Def : Vertex Cover = Set of vertices St - every edge (iv)
is incident to one of them

III
Thm : Vertex Cover is NP-hard (prove at home



Algorithm #1
1 Compute a maximal matching M in G

Def : A matching is a set of edges wh no overlapping vertices .
It is maximal if no more edges can be added to it.

Can compute by adding edges greedily to M.
aO

Vx
m o

2. Output C =&Both endpoints of all edges in M)
Thm : C is a vertex cover and ICII2 . OPT.



Claim : C is a vertex cover.

Pf : AFSOC that C is not a vertex cover,

Then exists Et st . u,veC .

Then could add (vir) to M . But M is maximal ! Contradiction
Claim :1CI [2 . OPT

,
OPT = Sizeofminimumis

Pf : Any vertex cover must cover each edge CurleM
=> must include either v or v Cor both)

: OPTIMI

So (Cl = 2 : IM1 = 2 · OPT
. D



Algorithm #2 : LP

Variable X : for each vertex i
if it vertexcoverCideally) Xi= &' otherwise

Constraints : 0EX1I

Xi+Xj1HE
Objective : min E : Xi

Claim : (P-OPT 1 OPT Vertex Cover
fructional

Pf : OPT Vertex Lover is feasible solution to LP. But also solutions ! It

"Alg" : 1 . Solve LP to get optimal solution Exi= 1 , ...n).

2. Convert x* to a real Vertex cover . "Rounding
"



Rounding the LP
· Let Ex* 1 = 1 ... n) be the optimal LP solution

· Rounding rule i x - include in C

E 3X * > * - do not include in (

Claim : C is a vertex cover

Pf :X* +x1 = either XY or X57 itCorjEL .
A

Claim :1C1[2 . OPT.
Pf : H it(

I
Algorithm pays 1 unit
LP pays X* 7 '

=> total cost of Alg = /C) [ 2 . LP-OPTI2 . OPT. #



min Xi + Xz+X3
↓

S .
t
. X, + Xzz)

X2+X33I Xz +x , 7, /
2 3

OX1 , X2,Xyl

Xy = xE =X =- (P-OPT = X*+ x+*=

Optimal Vertex Lover = 151 , 231 =2

Alg output = 91
,
2
,33 = 3



(Metric) Traveling Salesperson Problem
& O

Inpution cities
⑨

· pairwise distance dij # it] ⑨

& ⑧

Solution : Minimum distance four

visiting every mode exactly once

Metric assumption : triangle inequality
# vijk dijtdjk dik imak

I
-

(direct routes are shortest) L



Algorithm :

1
.) Find the MST T ↳cost(T) 1 cost (optimal TSP tour) A

&

2) DFS traversal of T, starting at A E 7
F

# + B - D+ E -D- F + D+ (tD-BtA

cost (DFS traversal) = 2 · cost (treeT

3) Skip all repeated vertices in the traversal

AtRtD- Et F-CEA = output
·
" cost (output)

cost (TSP four output) [ cost (DFS traversal) 12 . Op-


