
LECTURE 2
Outline :

1) Integer Multiplication
-> KARATSUBA's ALGORITM

2) Solving Recurrence Relations.



(B) INTEGERS
=> Numbersstored as ana rayof digits

Why : * Architectures support 64 bit integere natively,
larger integers implemented insoftwaree.

* Application : Cryptography ....



INTEGER ADDITION
- -

INPUT : x (l .. n]
, y (1 .. n] n-digit numbers

Goal : z = C + y - an (n+1) digit number

ALGORITHM : &

a = 179213
t

4=29
T

- ne digits ->

RUNTIME : Each digit takes OG) time

In total O(m) time



INTEGER MULTIPLICATION
-

Input : all .. n]
,

bli .. n) n digit number

OUTPUT : cli ... 2n) = ab 2n digit number.
-

1234 * 2121
GRADE SCHOOL ALL -
-

I

1234 T
2468x

S

I 234
** N rood

24 6 8 *** to
-

261 7 314
-

RUNTIME Adding n-digit numbers &
n times

=> ⑦ (nan) = G(nz)



DIVIDE AND CONQUER
-

COMPUTATIONAL

ROBLEM

12 Solve

00 ⑭Er C recorsivelyPROBLEMS

Xt ↓
⑳mbine



INTEGER MULTICATION
-

Ia be Er

a = (0)"autar b = 10b br

123456 654321

= (23) . 183 + 456 =(54) . 183 + 321

a x b = (10m ac + am)(10* b + br)
= (0") . abi + 10m (a-br +arb ,) + apbr
z - --

products of M2 bit integers



MucT(a(l .. n] , bl .. n3) NTIME :

* IF n/2 return all] bli] T(n] = time taken by MULT

on n-digit numbers
* Spita- an

,
ar

b + b
, br

* Pl = MuLf(a
-, b)

Tin) = 4 .T(%]
P2 -mul+ (a)

,
br) # C . n

P3 = Mult(ar
,
ba)

for some constant C .
P4 = Murs (ap

, b2)

* RETURN 1O" . PO10*. /P2+P3] AP4

↑ T
Append n Appenda
Zeroes Zeros



#NODES WORKDE

a
,
b : n digit # Con

an
,
bu aubr ar

,
be AR,

br 4 c .(n)

- 42 (2)

I
L I 4k (i)
plogn Eer)

(n + 4(c) + 42(2)+... + 419 . (en)
= (c)=



FACTS :

1) Sum of A Geometric Progression with ratio D

= O(last term)

2) 210an = n

ploye = (22)logn plogn) = nz

3) Ha
,
b glogb-bloga



IDEA : #NODES WORKDE

a
,
b : n digit # Con

an
,
bu aubr ar

,
be AR,

br I 4 c .(n)

- 42 (2)

I
L

4k (i)

plogn Eer)
(n + 4(c) + 42(2)+... + 419 . (en)
= (c)=



GOAL : Implement an n digit multiplication using

3 1/2 digit multiplications.

a = 10" , a
,
+ar

b = 10
%
-bu + br

a - b = 10halbe no* [abr +arbi) A arbr

=noaib , +10
* [Cantar) (bi+br) = ayb - arb) +arbr

2 -y
zu - PD P2

PA P3 P2



KARATSUBA's ALGORITHM
Mule(a( ..n] , b(1 ..n]
* IF n <2 RETURN a (l) . b(1)

* SPLIT a -> a
,
ar

b = by
,
br

* P17 MrcT(ac
,
bi)

P2 = mule(ar , br) O(n) time additions
-

P3 = Mula(a ,far , b+br)

* RETURN 10% Pl + 10* (03-p1-P2] AP

Tn] = 3 T/Mz] + con for some const <



SOLVING RECURRENCES
-

Example 1 : TCn3 = /(n-1) + In

Curroll the recursion)

TC3 = TCn - 1) + M

= T(n- 2) +m +π

= +(1) + E +5 + ... +

* Each term <M = T/n) <. n .m = n
+5

# Look at last / terms

T(n) <
,+ -

+ M



E terms each at least A

=
So n5

,Tin], n
*

/E

T(] = 2 T(%) + n

= 2(27(%) + M/z] + n

= 227(4/2) + 2 +



= 22(27(4/3) + (2) + 2 + n

= 237(V(x) + 2n + 2n +

= 2
=

T(%) +(() . n + .. . +(2) + n]
k = logn -

⑦ (last term) = O(n)

= 2109, + 0(n)

= n1093 + 0() = 0(n)



MASTER THEOREM :

Suppose function ToN-R
+

satisfies
T(n] = a T(b) + O(n) then

where b71 a
,
so

are constants

CASE 1 : C < log ,a T(n) = 0 (no9a)
-

CASE 2 : c = log ,a T(n] = 0(n'logn)
-

(3 = clog
,
a T(n) = O (n)


