
LECTURE 4



Select (da ,.. and , k)
* Pivot v = random element from Ga , .. and
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RUNTIME ANASIS
-

Randomised Algorithm : runtime depends on

pivot choices

FOR EXAMPLE :
[BEST CASE]
->If Pivotv = kth smallest element

=> SELECT turn in CASEZ
,
return On

[WORSTCASE)
-> Imagine K = N/2 And each pivot is

largest or smallest element
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-> Happen with very low probability



Define TCn] = Ftpected runtime of
-

SELECT 199 ... an) , k]

Intrations Why should SELECT

terminate quickly ?
Imagine the sorted list

1(1
Sa S = Sz

-
m

With good chance random pivot v is
I

somewhere in middle
,
=) Sc

, Sp are



substantially smalles .

Defi [GooD pot] A pivot element v is

a good pivot if v is betweenAt smallest

to 31/ smallest

GOOD PIVOT

34/4



&bs : 1) List size decreases to 34/4
whenever pivot is GOOD.

2) # of good pivots = "/2



Tin] = Expected runtime of Select da ... and

= /Expectedruntime beforeot (
4 /Expected # of pivots before)first good pivot

XD

Expected # of toues before) = 2
HEADS

+ (Expectedruntimeat)
< T(3n/4]



T(n) 1 T(3n/p) + O(n)

By Master's theorem

=> T(n) = 0(n)



DIVIDE AND CONQUER

PROBLEM

INSTANCE

↓ ↓ t &-
SUBINSTANC SUBINSTANCE

BINSTANCE SUBINSTANCE

SOLVE
->

RECURSIVELY

MBINE



Exponentiation :

INPUT : Numbera

output : zu in decimal (array of digits)
100

2 = 2 . 2 .2.. · 2
-

100

= (25072
250 = (225 /

2

25 = (21)2 . 2

21 = (262
26 = (2372
23 = (2) 2
2 = 2



Exp)a
,
n : integer

IF M = 1 return a

b = Exp(a , (E))
if In even) return byb

In odd) return baba

RUNTIME :
- TC3 = T(LEs] + O (M(n)
where M(n) = time for a n-digit multiplication
Since M(n) > E(n)

T(n] = O (M(n)) .



BINARY TO DECIMAL

Input : B(1 ... n] : an array of bits representing number

B in binary
OUTPUT : D(1 .. m] : decimal representation of number B
-

-

as a sequence of digits

Naive Algorithm

(1011011) = 1 -2 + 0 .25 + 1 . 24 + 1 .2 +0 . 2 + 1
.

2 + 1.
22 ~ wa L

= 184 + 0 . 32 + 1 . 16 + 1 . 8 + 0 . 4 + 1. 2 + 1

= 91

Be 2 . B(1) +2 ? B(2] +2 B(3) +. .. + B(n]
-> a additions->



RUNTIME : E(n) additions= > (nt) time .

How many digits ? B22n

=> m = log
,

B = log.B/log10 = (0-3010 n



BINARY TO DECIMAL

Input : B(1 ... n] : an array of bits representing number

B in binary
OUTPUT : D(1 .. m] : decimal representation of number B
-

-

as a sequence of digits

DivideConquer Approach :

(00e(on) · 2A (100)

al aR
zu

= (DD) : 16 t (12)
= 176 * R

= 188



BINARY TO DECIMAL (a[I .. n) : array of bits)
Sp12T : a

, call .. (N/2)]

ar = a(((z) + 1
. . . n)

RECURSE : de Binary To decimal (a)
dre Binary To decimal (CR)
e + Exp(2 , (↑/))

COMBINE return Cade dr

RUNTIME : n-digit
T(n) = 2 T(M] + -) multiplication)

Elexponentiation) +Gladdition)

= 27(4()+ -(M(n))



where M(n) = time for n-digit multiplication

If M(n) <400,000 then

TInT = -(M(n)



CLOSEST PAIR

Input : n points on plane [pi = (i ,yi) (i = 1 . . n]

output : Closest pair of points (pi , Pi)

Naive Algorithm:
-P=Mr ,Ye)

P . = In ,,4 .)

PG

Try every pair of points P5
*

-> On' time algorithm . P
-
x

X P4

X X

Pa Pg
X

P3=(4 ,43]



CLOSE (4p := i
,4) (i = 1 .. n])

- Sort Ep, ... Pn3 in increasing a.

-> (P
,
Pc) = Closest (4p . .

- . PnY)
(Pr , Pri) ECLOSEST (GPaets . -

- Pn3)
let d= distance (Pr

,
Pi)

dr = distance (Pr ,Pr)
let d= minkdu

,
das

- And Sa restricted to etrip [Kny-d ,un+d]

Ar -> Sp restricted toetrip [unz-d ,Un+d]
- Sort Al

,
Ar in increasing y.



- For each p = (, y) in A2

R = <q = (x , y) in Ar with
&

y-d(y
*

x y+d)
Compute all distances between p ANDgER
and update minimum .



DIVIDE AND CONQUER
-

INPUT = <P1, p2 ,p3.. - Pa,10)
PD

PT
P2 P3

P4
How to divide ? P8 P

* SplitThe list PS
o

A = GP0 , P2 , 03, 04 , 05)
PP

B = 496, 07, 08, 09, P101

* SPLIT THE PLANE

1) Sort the points [p ;= 21 ,47) ] based on
a-coordinate

507 , 08, 02 , 89 , 05 , 06 , 04 , P1, P10, P3)



2) Split the sorted list
-

Sceft= 207, 08, 02, 09,953
PD

P2 *3
PT

Srian = GP6
,
P4 , 01 , 010,P3) P4

P8 P

IMAGINE THAT :
PS
o

-

PP

1Wecolved two subproblems
recursively

and found clout pair in Ster& Scian-

CLOSEST PAIR (SLEFT) = (P , Pu) (P2
, 08)

CLOSEST PAIR (Sriant) = (Pr , Pr) (Po
, Pz)

Among the pair , eay (Py
,
PE) is closer,



let
-

PD

de distance (P1
,
P8)

P2 *3
PT

Closest pair might be P8 P

P4

across Sceft
,
SRIGHT PS

o
PP

Naive: Try every pair

PLESLeft PRESRIGHT

nX* = G(n) pairs



IDEA I :
-

*

d
~

d d
--

If &min (ClosestPAR(Sceft) , ClosestPAIR(Sciant)
then restrict attention to aetrip of width

& on each side.



i

. e. Throw
away points outside the etrip ! I



IDEA 2 : d d

A point P only needs

to be compared with I

points in region R T
~

I
How

many points in R1.

Plaim:Atmoet 8 pits
Anuming Claim

, every point only needs comparision
with 8 other points.



= d-
1 All pointsare at least ↑d - from each other

↑(dk= I

2) Every pair inside a /24 2d

equare . [d ↓=> At most 1 point per
equare

=> At most 8 points in region .


