
LECTURE 16

1) ZERO-SUM GAMES .

- Writing LP for optimaletrategy

2) Maximum Flow-
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MAXIMUM Flow



Manium Flow

Setup :1) Directed graph
a = (v

, E)
D A

2) "Source" e node
W

D D

3) "Sink" t node
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DEFINITION (S-t-FLOW)
An set flow is an assignment f: E-R
such that

1) CAPACITY CONSTRAINt : For each edgee ,
flow one- capacity of e
fe Ce

2) CONSERVATION CONSTRAINT : For each verten y3/
Flow coming intoV Flow leaving

[fv-u = I for
v -a

an est Flow : manimize flowleaving = Ife



ALGORITHM TOCOMPUTE MAX-FLOw (A SKETCH)
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HIGH-LEVEL SKETCH
-

REPEAT : i) Find a path P from to +

with letover capacity to send

more flow.
2) Add flow along P.



FAQURE OF ALGO
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ALGO FOR MAX FLOW
-

REPEAT :

* FIND A PATH P from
stot withnon-zero capacity
in BESIDUALGRAPH

[TERMINTE If NO PATH P exists]
* Add flow along p to the

current flow
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ResidualGraph : ↑

Aven : * G = (V
,
E) is a directed graph

* f is some flow on G.

THE RESQUAL GRAPHGf on same vertices V
andedges

Hedge u, v with capacity #
②

flow o
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②
u

2- f Y

In RESIDUAL GRAPH
in ORIGINAL GRAPH a
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EXAMPLE :
-

ORIGINAL GRAPH RESIDUAL GRAPH
-

10-4

⑳
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Capacity 10

V

F)·
Flow 4



MAX FLOW EXECUTION
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M FLOW EXECUTION
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CAN THE FLOW BE HIGHER THAN 8 ??
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Setis
DEFINITION (eotCUT) : A partition V = LUR

so that SEL teR

Example: · A
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DEFINITION (CAPACITY OF AN S-t(OT)
capacity /L,R) E Total capacity of edges from L

to R
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CAIM: For every e-t cut L
,
R

and for every est flow f

Size(f) < CAPACITY (L ,R)

=> Maximum - Minimum
Flow Cut



THEOREM: In Any GRAPH G,
->

Maximum e-t = Minimum s-t (UT
FLOW

PROOF :
Execute algorithm to compute maximum flow

At the end
,
define

LE feet of verticesreachable froma e
R = VIL

= no residual capacity leaving L

=> All edges leaving Lare saturated



=> Capacity (L ,R) = Total flow leaving ( /
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S- A - B+ t B unite

S-At 2 units

5 -> B-> A-t 3 unite



ot: An st Cut is (L
,
R)

LUR = V

it Fight oeEL tER

Macity(2 , R) = [Cover
uf(vER

E : For any flowf ,
and any out (2, R)

sizeff) <> capacity (, R)



⑤iEXAMPLES:
O

= 12

capacity (45,B3 , (A , th) = 5 + 3 =8


